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For continuous-wave electron paramagnetic resonance spectroscopy, what settings of magnetic field
sweep width and field modulation amplitude yield the best accuracy in estimated linewidth? Statistical
bounds on estimation error presented in this work provide practical guidance: set the sweep width and
modulation amplitude to 8 and 4 times the half-width half-maximum linewidth, I", respectively. For
unknown linewidths in the range [I"min, I 'max] the worst-case estimation error is minimized by using set-
tings designed for I'max. The analysis assumes a Lorentzian lineshape and a constant modulation ampli-
tude across the extent of the irradiated paramagnetic probe. The analytical guidelines are validated using
L-band spectroscopy with a particulate LiNc-BuO probe.

© 2011 Elsevier Inc. All rights reserved.

1. Introduction

Electron paramagnetic resonance (EPR) is a spectroscopic meth-
od capable of detecting free radicals. Over the past several decades,
EPR has found numerous applications in biology, chemistry, phys-
ics, and medicine [1]. For biological applications, such as in vivo
oximetry [2-4], there exists a pressing need to accelerate data
acquisition for EPR spectroscopy and imaging [5].

For continuous-wave (CW) EPR, it is a universal practice to ap-
ply magnetic field modulation and phase sensitive detection [6]. To
improve signal-to-noise ratio (SNR), the modulation amplitude, B,
is generally increased to a level where it approaches or exceeds the
intrinsic half-width half-maximum (HWHM) linewidth, I, of the
EPR probe. Such B, values, however, introduce lineshape distor-
tion. Although modulation-induced distortion itself is well charac-
terized [7-9], a theoretical basis for selecting an optimal value of
B, has been missing from the EPR literature.

EPR oximetry [4] entails quantifying oxygen levels by measur-
ing the oxygen-induced linewidth broadening of oxygen-sensitive
EPR probes. For EPR oximetry, an allowable scan time is limited
by application. Here, we ask the question, “How are magnetic field
sweep width, 4, and field modulation amplitude, By, set for best
sensitivity in inferring linewidth?” We use the Cramér-Rao lower
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bound (CRLB) to predict the standard deviation of linewidth esti-
mation error as a function of I', A, By, signal intensity d, and noise
standard deviation o. The CRLB sets a lower bound on the error
standard deviation for any unbiased estimator. The experiment
parameters, A and B, are chosen to minimize this bound and
hence provide the most accurate linewidth estimation for a given
scan time. Our analysis is valid for a Lorentzian lineshape and a
spatially-invariant field modulation amplitude across all the irradi-
ated spins.

2. Theory and methodology
2.1. Assumptions and models

The following assumptions are employed in our analysis: (i) the
value of I' is unknown but resides in a known range, I'nin t0 I'max;
(ii) the center field of the lineshape is known; (iii) the signal inten-
sity d is unknown and proportional to spin density; (iv) the un-
known value of B, is spatially uniform across all irradiated
spins; (v) the field sweep rate is sufficiently slow to not fall into
the rapid-scan regime [10]; (vi) and the lineshape is a modula-
tion-distorted first-harmonic Lorentzian.

When the ratio of field modulation frequency and gyromagnetic
ratio is negligible compared to I', the resulting modulation-dis-
torted lineshape can be expressed using a simplified version of
the model reported by Robinson et al. [8].

f(B;d,I',By) = Im (‘%) (1)
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where

a> Bn\’\ B
oc_7 1+ 1—(%> -3

with a =B +jI.
Here, f is the modulation-distorted first-harmonic Lorentzian line-
shape, B is the applied magnetic field, j denotes the imaginary unit,
and Im(-) represents the imaginary part. Fig. 1 shows simulated f for
various levels of modulation.

A scan is composed of M successive data points, called measure-
ments, taken at regular intervals across the field sweep. The mea-
sured data are given by:

Yi =f(Bi;d,I',Bn) + Ni =fi + N;, (2)
where

Cidy A
b=y—1 72 (3)

ie{0,...,M— 1}, and N; is additive white Gaussian noise [11]. The
noise standard deviation, o, is proportional to +/T, with T being
the scan time. When comparing two measurements with different
Bm and Ag, the values of both M and T are fixed.

2.2. CRLB analysis

The CRLB is computed from the inverse of the Fisher informa-
tion matrix, I [12]. Let p(Y|0) be the probability density function
of the data Y = [Yo,---,Ym_1] conditioned on parameters g, with
0=1[d,I',By], and let Ey[-] denote the expectation over Y. Then
the elements of the Fisher information matrix according to Eq.
(2) are as follows:

2
(1(0))s = ~Ey [ﬁ log (p(‘@)}

1 0 0 2
—20253{ : aekael(yzfz)}

)

Eq. (4) is valid for any signal model f and can also be extended, if
required, to include other measurement parameters such as modu-
lation frequency, unknown center field, and parametric baseline
distortion. The CRLB on the standard deviation of the estimated
linewidth T is then the square-root of the second element along
the diagonal of the inverse of I:

signal (a.u.)

45 456 458 260 162 464
B (G)
Fig. 1. Simulated first-harmonic Lorentzian lineshape (Eq. (1)) in the presence of

various levels of field modulation. Here, I"=1, center field is 458.25G, and
Ap =12 G. The peak signal intensity is maximum at B, = 4.0I".

I"),,- (5)

For brevity, the left side of Eq. (5) will be referred to as CRLB?. A
combination of By, and Ap that yields minimum CRLB- is selected
as optimal. Noisy measurements, Y, are then collected using these
optimal values. The unknown linewidth is estimated via a least-
squares curve fit of ¥ to the model in Eq. (1). The precise value of
modulation amplitude, which is generally not known accurately,
is jointly estimated along with the other unknown parameters,
yielding,

CRLB~(d, I", B, 45,0) =

(fi - Vi), (6)

where, 6 = [d, I", B,], with d, T, and B,,, being the estimated values
of signal intensity, HWHM linewidth, and modulation amplitude,
respectively.

2.3. Experimental setup

For verification, findings from the CRLB analysis were compared
to experimentally observed linewidth estimation errors. A small
single crystal of LiNc-BuO [13], under anoxic conditions, was used
to collect data on a CW L-band (1.28 GHz) system using a volume
loop-gap resonator. The anoxic linewidth of the probe (0.315 G)
was known in advance. Other system parameters were as follows:
2 mW radio frequency power; 0.16 G/vW resonator efficiency
[14]; 100 kHz field modulation frequency; 3.9 s scan time; and
1024 samples per scan.

3. Results
3.1. Theoretical and simulated

The value of CRLB~, computed from Eq. (5), varies as a function
of d, I', By, Ap, and . However, the location of the minimum does
not vary with B,/I" and Ag/T", at least not over the range of I" expe-
rienced in EPR oximetry. Fig. 2 shows how CRLB? varies with By,/T"

and Ag/I". The minimum CRLBF occurs at approximately

Ag =8I and

By =4r. (7)
Because CRLB~ varies with the true I', which we only know to

be in a given range (I'min to I'max), We desire to select A and B,

such that the standard deviation of I' across the range is mini-
mized. Fig. 3 shows that, for fixed values of d and o, estimator
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Fig. 2. Theoretical CRLB results. CRLB? vs. Ag/I" and B,/ T, revealing the location of
the minimum. The overall shape of the plot does not vary with I'; that is, the
minimum stays in the same location. Also, the location of the minimum does not
vary with d and ¢. Parameters used to create the plot are as follows: I'=1G, d = 10,
M=1024,0=1.
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Fig. 3. Best CRLB~ possible as a function of I', showing I" from 0.18 G to 1.36 G,
which correspondrs to the range 0-160 mmHg when using a LiNc-BuO probe [15].
Note that the scale on the vertical axis is determined by d and a; values are shown
here ford=10and o =1.
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Fig. 4. Comparison of experimental and theoretical results, with By, ~ 1.24 G ~ 4T".
Top panel: standard deviation results; bottom panel: experimental results only,
means and standard deviations.
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Fig. 5. Comparison of experimental and theoretical results, with 45=2.5G ~ 8T
Top panel: standard deviation results; bottom panel: experimental results only,
means and standard deviations.

performance is better at lower values of I', and suggests that opti-
mizing the parameters for I'j,x will minimize the worst-case esti-
mation error across [I'min, I max]-

3.2. L-band spectroscopy

The intrinsic linewidth in our experiment was I'=0.315G. A
variety of scans were taken with Ap=2.5G ~ 8" while varying
B likewise, a variety of scans were taken with By, ~ 1.24 G ~ 4I"
while varying Ap. As mentioned earlier, both the scan time
(T=3.95s) and the number of samples per scan (M= 1024) were
kept fixed. Twelve scans were performed at each combination of
Ag and By,

Joint estimates of d,I', and B, were calculated by curve fitting
using Eq. (6). As expected, the estimated values By, were different
from the nominal B, values set by the user but the difference was
within 3%. Figs. 4 and 5 show the results, along with comparison to
the theoretical bound. The experimental results are consistent with
the theory. For illustration, Fig. 6 compares standard deviation in
the estimation of I' for three selected combinations of B, and A4p.

4. Discussion

Previous discussions of modulation amplitude have focused
on increasing traditional figures of merit such as SNR and
peak-to-peak signal strength [16]. Fig. 7 illustrates how using these
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Fig. 6. Standard deviation of T for three different combinations of B, and Aj. As
predicted by theory, By, =41 and Ag = 81" provide the lowest standard deviation of
T. The relative difference in the scaling of experimental and CRLB values is due to
the different values of d and ¢ associated with experimental and theoretical results.
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Fig. 7. Comparison of several figures of merit as functions of Bn,/I". The vertical
scale on the left belongs to independently normalized signal power and peak signal
amplitude, while the vertical scale on the right belongs to CRLB?. To compute
CRLB-, we selected 6 =1,d =10, M = 1024, and I" = 1 G. Note that maximizing peak
signal amplitude is a suitable surrogate metric for estimation performance only
when sweep width is optimized, i.e., A45=8 I'.
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figures of merit may not lead to optimal estimator performance.
Selecting B, to maximize signal power (sum-of-squares) does
not lead to optimal performance, and selecting B, to maximize
peak signal strength may lead to optimal performance, but only
if used in conjunction with the correct value of A4p, i.e., 43=8T.

The presented CRLB sensitivity analysis determines values of B,
and Ap that generate optimal results in terms of standard deviation
of the estimated linewidth, which is achieved by selecting a combi-
nation of B, and 4 that minimizes CRLB?. The results (Eq. (7)) were
computed with M = 1024; the optimal parameters do not vary with
M as long as the step-size of the field sweep is considerably smaller
than 4. Also, the optimal parameter values of B, and A are inde-
pendent of both signal amplitude d and noise standard deviation
o, which are positive scalar multipliers of CRLB? that affect the scal-
ing but not the location of the minimum (Fig. 2). Because the scan
time T does not alter the lineshape fbut only changes the normalized
noise standard deviation, i.e., § \/if the optimal parameter values
are also independent of the scan time, provided that the sweep rate
does not fall into the rapid-scan regime.

Although we have used CRLB~ as a figure of merit, equivalent
acquisition times can also be computed for comparing various
selections of B, and Ap. For By, = 4TI', Ag =161, for example, the va-
lue of 1/CRLB~ is 78.4% of the 1/CRLB~ value associated with
B =4I, Ag= gr (Fig. 7). Since CRLB~ oc% and ¢ « \/LT a 161" scan
would require 62.4% longer acquisition time as compared to an
8T scan for equivalent accuracy in estimated linewidth. For refer-
ence, Fig. 8 shows an experimental EPR spectrum, modulated with
the optimal B, with the optimal sweep window denoted.

As noted in Section 2.1, the actual value of By, in general, is not
precisely known and varies slightly but unpredictably from the
nominal value set the user. Therefore, setting the B, =4I  might
not be possible, but the smooth nature of CRLB? vs. B, curve en-
sures that a By, ~ 4" value would only result in a marginal drop
in the performance. For applications in which B, might be pre-
cisely controlled, the resulting optimal values of B, and A4 are sig-
nificantly different from the ones mentioned above. Specifically,
sweep width and field modulation amplitude should be set to
47T and 1.6T, respectively, when the value of By, is precisely
known and need not be estimated. The CRLB analysis for known
By, is similar to the one presented here and is omitted for brevity.
The results for both the cases, i.e., known and unknown B,,, are
summarized in Table 1.

x 10°

signal (a.u.)

458
B (G)

Fig. 8. An EPR spectrum collected on a CW L-band spectrometer with I" ~ 0.315 G,
optimally modulated with B, ~ 1.24 G ~4TI". The highlight denotes the optimal
sweep width A5=2.5G~8TI.

Table 1
Optimal parameters depending on whether B, is estimated or known in advance.

Estimating d, I', and By, Estimating d and I'; By, is known

Ag 8I 4731
j: ar 1.57I

Although the reported results are valid only for the listed set of
assumptions, a similar analysis can be performed for a different
set of assumptions. For example, effects of modulation frequency,
when not negligible, can be included by modifying f(Eq. (1)) accord-
ingly. Likewise, a similar analysis can be conducted when multiple
modulation harmonics are simultaneously considered [17].

5. Conclusions

Experimental settings for field modulation amplitude, By, and
sweep width, A, should be set jointly for the best performance
in CW EPR. We have used standard deviation of linewidth estima-
tion error, as predicted by the Cramér-Rao lower bound, to select
B, and Ap. For cases where B, cannot be controlled precisely,
the optimal parameters for a modulation-distorted first-harmonic
Lorentzian are found to be Az=8I" and B,, =4I, with I" being
the HWHM linewidth. We have also shown that, given I" in a range
from I’y to I'mayx, the standard deviation of the worst-case esti-
mation of linewidth is minimized by designing for I'ma.x:4p=8
I'max and By, =4I ... Further, for cases where By, is precisely
known, the preferred experimental settings result in a much nar-
rower sweep width: Az =4.7I' and B, = 1.61".
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